Abstract: We show that the three different looking BPS partition functions, namely the elliptic genus of the 6d N = (1, 0) Sp(1) gauge theory with 10 flavors and a tensor multiplet, the Nekrasov partition function of the 5d N = 1 Sp(2) gauge theory with 10 flavors, and the Nekrasov partition function of the 5d N = 1 SU (3) gauge theory with 10 flavors, are all equal to each other under specific maps among gauge theory parameters. This result strongly suggests that the three gauge theories have an identical UV fixed point. Type IIB 5-brane web diagrams play an essential role to compute the SU (3) Nekrasov partition function as well as establishing the maps.
Introduction
It has been discussed that some five-dimensional (5d) N = 1 supersymmetric gauge theories have their ultraviolet (UV) fixed points where the gauge theories become interacting superconformal field theories [1] [2] [3] [4] even though they are perturbatively non-renormalizable. Such superconformal field theories are often addressed via brane configurations or CalabiYau compactifications in string theory or M-theory. For example, based on the existence of consistent (p, q) 5-brane configurations developed in [5] [6] [7] , it is conjectured that the 5d N = 1 SU (N ) gauge theory with N f ≤ 2N + 3 flavors [8] [9] [10] [11] as well as the 5d N = 1 Sp(N − 1) gauge theory with N f ≤ 2N + 3 flavors [12] have UV fixed points, some of which exceed the bound discussed in [4] .
Based on Tao diagrams [9, 10] and the instanton operator analysis [11] , it is further discussed that the 5d N = 1 SU (N ) supersymmetric gauge theory with N f = 2N + 4 flavors have a UV fixed point, where a six-dimensional (6d) superconformal field theory named as "6d (D N +2 , D N +2 ) minimal conformal matter theory" [13] are expected to be realized. This six-dimensional superconformal field theory is known also as the UV fixed point theory for the 6d N = (1, 0) Sp(N − 2) gauge theory with N f = 2N + 4 flavors and one tensor multiplet [14, 15] , which is realized by a type IIA brane configuration [16, 17] .
In [18] , it is proposed that the 5d N = 1 SU (N ) theory with N f flavors with the Chern-Simons level κ = N + 2 − N f /2 and the 5d N = 1 Sp(N − 1) theory with N f flavors have an identical UV fixed point based on the discussion of "duality wall". Combining this with the conjectures mentioned above, it is indicated that the three theories, In other words, the three different descriptions are obtained by turning on different types of deformations from the 6d superconformal field theory. This "equivalence" has a natural explanation [10, 19] in terms of the decomposition of an O7 − -plane into two [p, q] 7-branes, namely a [1, 1] 7-brane and a [1, −1] 7-brane [20] . The type IIA brane setup for the 6d Sp(N − 2) theory includes one O8 − -plane. Compactifying one of the direction and performing T-duality, the O8 − -plane is converted into two O7 − -planes. When we decompose one O7 − -plane out of the two, we obtain the brane web diagram for the 5d Sp(N − 1) theory. On the other hand, when we decompose both of the two O7 − -planes, we obtain the brane web diagram for the 5d SU (N ) theory.
We would like to give further evidence to this equivalence and study it at a more quantitative level. One of the best playground is the BPS counting. Indeed in [21] , it has been checked that the elliptic genus for the E-string theory agrees with the Nekrasov partition function for the 5d Sp(1) gauge theory with 8 flavors [22] . We would like to generalize this relation to a higher rank case. For 6d Sp(N − 2) theory with N f = 2N + 4 flavors, it is straightforward for one to obtain an explicit expression for the elliptic genus [21, 23] . However, there had been a difficulty in computing the Nekrasov partition function for the 5d Sp(N − 1) gauge theory with N f = 2N + 4 flavors and also for the 5d SU (N ) gauge theory with N f = 2N + 4 flavors due to a difficulty associated to too many flavors. Moreover, we need to have a better understanding on the relations among parameters, in addition to the one studied in [18] .
In this paper, we demonstrate that the (p, q) 5-brane web diagram, or the Tao diagram, is useful for overcoming the difficulties. Remarkably, the Tao diagram enables us to compute the 5d SU (N ) Nekrasov partition function and also to establish the maps among the parameters, especially between the 5d Sp(N − 1) gauge theory and the 5d SU (N ) gauge theory. For simplicity, we concentrate on the case N = 3: we check that
• the elliptic genus for the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet,
• the Nekrasov partition function for the 5d Sp(2) gauge theory with 10 flavors,
• the Nekrasov partition function for the 5d SU (3) gauge theory with 10 flavors, all agree with each other under certain maps among the parameters, which we also determine. Generalization to an even higher rank case would be straightforward.
Here, we would like to comment a difference between our claim and the "SU -Sp duality" discussed in [18] . In [18] , it is claimed that the 5d Sp(N − 2) Nekrasov partition function and 5d SU (N −1) Nekrasov partition function are related to each other via "elliptic Fourier transformation", which involves a non-trivial integral in terms of the Coulomb branch moduli. Instead, our claim is that the 5d Sp(2) Nekrasov partition function and the 5d SU (3) Nekrasov partition function is simply equal 1 to each other under a certain map for the gauge theory parameters at least for the unrefined case 1 = − 2 . The maps for the masses and the instanton factor are essentially identical to those in [18] . In addition to that, we find the map between the Coulomb branch moduli. We note that these maps are all obtained intuitively and systematically from the comparison of the corresponding web diagrams.
The organization of this paper is as follows: In section 2, we determine the maps between the gauge theory parameters by using a Higgsing argument as well as 5-brane webs. In section 3, we compute the Nekrasov partition function of the 5d SU (3) gauge theory with 10 flavors by applying the topological vertex formalism to the Tao web diagram. Then, we check its order by order expansion in terms of the instanton fugacity and one Coulomb modulus and we find that 5d SU (3) partition function from the Tao diagram agrees with the 6d elliptic genus. In section 4, we compare the 5d Nekrasov partition function of the Sp(2) gauge theory with the 6d elliptic genus up to 1-instanton and check that it is also consistent with this "equivalence" claim. We further give some observation to the 2-instanton contribution of the 5d Sp(2) gauge theory with 10 flavors. Section 5 is devoted to conclusion and discussion. We relegate some technical details of the computation to the appendices.
Maps among three theories
In this section, we determine the maps among the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet, the 5d Sp(2) gauge theory with 10 flavors, and the 5d SU (3) gauge theory with 10 flavors. In order to determine all the relations among the three theories, it is enough to determine independent two relations and hence we focus on the map between the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet and the 5d Sp(2) gauge theory with 10 flavors, and also the map between the 5d Sp(2) gauge theory with 10 flavors and the 5d SU (3) gauge theory with 10 flavors.
Map between the 6d Sp(1) gauge theory and the 5d Sp(2) gauge theory
We first determine the map between the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet and the 5d Sp(2) gauge theory with 10 flavors. The 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet is realized by a brane configuration in Figure 1 × IIA string theory [16, 17] . The directions in which the branes extend is summarized in Table 1 . The brane configuration consists of one D6-branes (or two D6-branes including the mirror image), an O8 − -plane which gives the Sp(1) gauge symmetry, and 10 D8-branes which yield the 10 hypermultiplets in the fundamental representation of the Sp(1). The length between the O8 − -plane and the NS5-brane gives a vacuum expectation value (vev) of a scalar field in the tensor multiplet. D2-branes suspended between the O8 − -plane and the NS5-brane realize self-dual strings in the 6d theory. For example, k D2-branes mean k strings. The elliptic genus of the 6d Sp(1) gauge theory with 10 flavors or the partition function of a theory on the self-dual strings of the 6d theory wrapping a torus may be written bỹ
whereZ (k) stands for the elliptic genus of the k-strings whileZ (0) is the contribution existing even without strings. g 1 , g 2 are defined by g 1 = e − 1 , g 2 = e − 2 where 1 , 2 are chemical potentials for the SO(4) global symmetry which rotates the (x 1 , x 2 , x 3 , x 4 )-plane.
In the later calculation, we focus only on a special case where
A is the fugacity for the Sp(1) gauge symmetry.ỹ i (i = 1, · · · , 10) are the fugacities for the SO(20) flavor symmetry.q is given byq = e 2πiτ where τ is the complex structure of the torus. Finally, φ is the fugacity which counts the number of the self-dual strings. Let us then move on to the parameters of the 5d Sp(2) gauge theory with 10 flavors. The 5-brane configuration of the 5d Sp(2) gauge theory with 10 flavors can be obtained O7 Figure 2 . The 5-brane web which gives rise to the 5d Sp(2) gauge theory with 10 flavors. 0 1 2 3 4 5 6 7 8 9 D5 from the type IIA brane configuration in Figure 1 by first compactifying it on a circle along the x 5 -direction and then performing T-duality along it [19] . After the T-duality, the O8 − -plane becomes two O7 − -planes and the quantum resolution of only one O7 − -plane yields a 5-brane web with one remaining O7 − -plane whose worldvolume theory is the 5d Sp(2) gauge theory with 10 flavors. The brane configuration is depicted in Figure 2 where the horizontal direction is in the x 6 -direction and the vertical direction is the x 5 -direction. In the 5-brane web, we have (p, q) 5-branes whose slope in the (x 6 , x 5 )-plane is q p . Furthermore, a (p, q) 7-brane can be put at the end of an external (p, q) 5-brane. The directions in which the branes extend is summarized in Table 2 . The two color D5-branes with the O7 − -plane yields the Sp(2) gauge symmetry and the 10 flavor (or external) D5-branes give the 10 hypermultiplets in the fundamental representation of the Sp(2).
We consider a Coulomb branch of the 5d Sp(2) gauge theory with 10 flavors. The theory has two Coulomb branch moduli a 1 , a 2 and ten mass parameters m i 's (i = 1, · · · , 10) by which we define A 1 = e −a 1 , A 2 = e −a 2 and y i = e −m i for i = 1, · · · , 10. The theory also has the instanton fugacity q , which is related to the gauge coupling. In order to calculate the partition function of the 5d theory, we also turn on the Ω-background with the Ω-deformation parameter (= 1 = − 2 ) from which we define g = e − . Then, the partition function of the 5d theory may be given by
where Z k represents the k-instanton partition function while Z 0 is the perturbative contri-bution. Here we used the same g as the g defined by the variables in the elliptic genus of the 6d Sp(1) gauge theory since they can be identified with each other. The claim that the UV completion of the 5d Sp(2) gauge theory with 10 flavors is identical to that of the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet means that the elliptic genus (2.1) should be equal to the 5d partition function (2.2)
under certain reparameterization, which we determine here. In order to determine the relation between the parameters in the elliptic genus of the 6d Sp(1) gauge theory and those of the 5d Sp(2) gauge theory, we utilize a Higgsing to the E-string theory, which is given by a 6d "Sp(0)" gauge theory with 8 flavors and a tensor multiplet on a tensorial Coulomb branch. A circle compactification of the E-string theory with Wilson lines along it gives a 5d Sp(1) gauge theory with 8 flavors. Therefore the same Higgsing should reduce the 5d Sp(2) gauge theory with 10 flavors to the 5d Sp(1) gauge theory with 8 flavors. The relations between the parameters in the elliptic genus of the 6d Sp(0) gauge theory and the parameters of the 5d Sp(1) gauge theory with 8 flavors has been known in [21, 22] and hence we can make use of them to deduce the relations between the parameters in the elliptic genus of the 6d Sp(1) gauge theory and the parameters of the 5d Sp(2) gauge theory.
Let us first look into the Higgsing from the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet to the 6d Sp(0) gauge theory with 8 flavors and a tensor multiplet. The explicit expression of one string is given by [23] 
where we have already set = 1 = − 2 . Then, the Higgsing towards the E-sting elliptic genus may be triggered by setting 2Ã 5) in the case when 1 = − 2 = . Indeed, inserting (2.5) to (2.4) yields 6) which exactly agrees with the one string result of the elliptic genus of the E-string if the other parameters are naturally related to the parameters in the elliptic genus of the Estring theory. Namely,ỹ i (i = 1, 2, 4, · · · 7, 9) andỹ 10 become the eight fugacities for the E 8 flavor symmetry, andq and φ remain the same.
2 In general, one can choose arbitrary two parametersỹj,ỹ k with fixed j, k among the ten parameters yi (i = 1, · · · , 10) and setÃ =ỹj =ỹ
for the Higgsing. In (2.5), we choose particular two mass parametersỹ3,ỹ8 for concreteness.
Similarly, the Higgsing from the 5d Sp(2) gauge theory with 10 flavors to the 5d Sp(1) gauge theory with 8 flavors can be also deduced from the explicit expressions of their partition functions of the 5d Sp gauge theories. In fact, the Higgsing may be realized by essentially the same condition
in the case when 1 = − 2 = . We again chose the particular two masses m 3 , m 8 among the ten masses for concreteness but we can in general choose any two masses for the Higgsing. The other parameters are again naturally related to the parameters of the 5d Sp(1) gauge theory with 8 flavors, namely a 1 becomes the Coulomb branch modulus of the 5d Sp(1) gauge theory, m i (i = 1, 2, 4, · · · , 7, 9) and m 10 are the eight mass parameters for the 8 flavors, is the Ω-deformation parameter and q is the instanton fugacity of the 5d Sp(1) gauge theory. Then, the relation between the parameters in the elliptic genus of the E-string and the parameters of the 5d Sp(1) gauge theory with 8 flavors is known in [21, 22] and non-trivial relations areỹ
The other relations are trivial and given byỹ i = y i (i = 1, 2, 4, 5, 6, 7, 9) together with the same g. Furthermore, the two Higgsings (2.5) and (2.7) are the same Higgsing and this suggests that they can be identified with each other, namelỹ
Therefore, we propose that the relations between the parameters of the elliptic genus of the 6d Sp(1) gauge theory and the parameters of the 5d Sp(2) gauge theory arẽ y 10 = y 10 q −2 , (2.10)
The relation (2.10) can be also written as
When we denote the radius of the compactification circle from 6d to 5d by R,q may be roughly given byq ∼ e R and hencẽ q ∼ e −A . Since the Wilson line in the type IIA picture corresponds to the position of the D7-branes along the compactified circle in the type IIB picture, the relation (2.13) means that the 10th D7-brane goes around the circle and goes back to the original point. Thus, even after shifting the position of the 10th D7-brane, we can still put the 10 D7-branes at the position of one O7 − -plane, indicating that the theory still has the SO(20) global symmetry. 3 This is indeed necessary to reproduce the expected global symmetry for the 5d Sp(2) gauge theory.
On the other hand, the combination of (2.11) may look more involved. We here provide further support for the relation (2.11). In order to see it, we analyze the invariance of the elliptic genus of the 6d Sp(1) gauge theory under a Weyl transformation of the 5d SO (20) (2.14)
Inserting the transformation (2.14) into (2.4) yields
Since the elliptic genus of one string, i.e.Z (1) φ, should be also invariant under the Weyl transformation, the transformation rule for the φ turns out to be
so that it cancels the extra factor in (2.15). Note here that the Coulomb branch modulus A 1 should be invariant under the Weyl transformation and hence the combination φq 1 2ỹ 10 should be also invariant under the exchange. In fact, the Weyl transformation (2.14) and (2.16), which is induced by the exchange between y 10 and y 9 , acts on the combination φq Therefore, the combination φq 1 2ỹ 10 is invariant under the Weyl transformation y 9 ↔ y 10 and this is consistent with the fact that it corresponds to the 5d Coulomb branch modulus A 1 , which should be invariant under the Weyl transformation of the 5d SO(20) flavor symmetry. Analogous discussion on the invariance of Coulomb moduli parameter under Weyl transformation is also in [9, 24] . 
Map between the 5d
Sp(2) gauge theory and the 5d SU (3) gauge theory
We then turn to the map between the 5d Sp(2) gauge theory with 10 flavors and the 5d SU (3) gauge theory with 10 flavors. A part of the map is found in [18] and it was determined experimentally from the requirement that the hemisphere index of the 5d Sp(N − 1) gauge theory with N f flavors is equal to the hemisphere index of the 5d SU (N ) gauge theory with N f flavors after performing the duality map. We here derive the map from the 5-brane webs for the two theories. Furthermore, we will find the map of the parameters between the partition functions of the 5d theories and hence the map includes the one for the Coulomb branch moduli, which is not considered in [18] .
Parameterization of the 5d SU (3) gauge theory with 10 flavors
In order to see the relation between the parameters of the 5d Sp(2) gauge theory with 10 flavors and those of the 5d SU (3) gauge theory with 10 flavors from the 5-brane webs, we first determine how the parameters of the 5d SU (3) gauge theory with 10 flavors are related to the parameters of the corresponding 5-brane web. The 5-brane web for the 5d SU (3) gauge theory with 10 flavors can be obtained by further resolving the remaining O7 − -plane in Figure 2 . The resolution of the O7 − -plane and also some changes 4 of the parameters in the web yield a 5-brane web in Figure 3 . From the brane configuration in Figure 1 , the 5-brane web in Figure 3 can be obtained by a circle compactification and T-duality along the x 5 -direction, and then resolving the resulting two O7 − -planes. The three color (or internal) D5-branes yield the SU (3) gauge symmetry and the 10 flavor (or external) D5-branes give the 10 hypermultiplets in the fundamental representation of the SU (3).
The 5d SU (3) gauge theory have three (but two independent) Coulomb branch moduli a 1 , a 2 , a 3 which satisfy a 1 + a 2 + a 3 = 0, ten masses m i (i = 1, · · · , 10) for the 10 flavors and the instanton fugacity q. All the moduli and the parameters are related to the lengths in the 5-brane in Figure 3 . The three Coulomb branch moduli are related to the position in the vertical direction of the three color D5-branes and we define
Due to the traceless condition, not all the A 1 , A 2 , A 3 are independent but satisfy the condition
This relation defines the "origin" in the vertical direction. Namely, the vertical position is always measured from the origin defined by (2.19) for determining the parameters of the 5d SU (3) gauge theory with 10 flavors. On the other hand, the mass parameters for the 10 hypermultiplets are given by the vertical position of the flavor D5-branes and we define
The explicit locations of the A 1 , A 2 , A 3 and y i , (i = 1, · · · , 10) are depicted in Figure 3 . The last parameter we need to determine is the instanton fugacity of the 5d SU (3) gauge theory. The instanton fugacity is related to the exponential of (the minus of) the average of the length L 1 which is obtained by extrapolating the two lower external 5-branes to the origin and the length L 2 which is obtained by extrapolating the two upper external 5-branes to the origin [25] . The schematic picture is depicted in Figure 4 . The explicit expression for the length L 1 , L 2 are given by
where 
The duality relation
We then identify the parameters of the 5d Sp(2) gauge theory with 10 flavors from the web diagram in Figure 3 . The gauge theory parameters are the two Coulomb branch moduli a 1 , a 2 , the ten masses m i , (i = 1, · · · , 10) of the flavors and the instanton fugacity q . Again, the gauge theory parameters can be identified with some lengths in a 5-brane web in the presence of an O7 − -plane. From the 5-brane web in Figure 2 , the two Coulomb branch moduli are the heights of the two color D5-branes and the ten mass parameters are the heights of the ten flavor D5-branes. However, an important difference from the case of the 5d SU (3) gauge theory is that the parameters and the moduli of the 5d Sp(2) gauge theory are the heights measured from the vertical position of the O7 − -plane. Therefore, it is important to determine the position of the O7 − -plane before the splitting in the 5-brane web for the 5d SU (3) gauge theory with 10 flavors in Figure 3 . In order to identify the location of the O7 − -plane, one needs to closely look at the resolution of an O7 − -plane in a simple example of the pure Sp (1) Figure 5 , yielding a 5-brane for the pure SU (2) gauge theory. From this figure, it is clear that the location of the original O7 − -plane is given by the intersection of the lines extrapolated from the two lower external 5-branes as in the lowest figure in Figure 5 .
We then apply the procedure of identifying the location of an O7 − -plane to the 5-brane web of the 5d SU (3) gauge theory with 10 flavors in Figure 3 . As in the case of the pure 5d SU (2) gauge theory, the 7-branes which originate from the O7 − -plane in Figure  2 are the the lowest [1, −1] 7-brane and the lowest [1, 1] 7-brane in Figure 3 . Hence, the location of the original O7 − -plane can be identified by extrapolating the lower external (1, −1) 5-brane and the lower external (1, 1) 5-brane in the lower direction as in Figure 6 . 
O7
"origin" for SU (3) "origin" for Sp(2) From the geometry of the 5-brane web in Figure 6 , the difference between the origin for the parameters of the 5d SU (3) gauge theory with 10 flavors and the origin for the parameters of the 5d Sp(2) gauge theory with 10 flavors is given by where we used (2.21) and (2.24). By using the difference of the origin (2.25), it is possible to determine the parameters of the 5d Sp(2) gauge theory with 10 flavors from the 5-brane web for the 5d SU (3) gauge theory with 10 flavors as in Figure 7 . Namely, the Coulomb branch moduli a 1 , a 2 are vertical positions of the top and the second top color D5-branes 6 measured from the location of the O7 − -plane. The difference between (2.18) and A 1 = e −a 1 , A 2 = e −a 2 is the difference of the origin (2.25), and hence we obtain
Analogously, the mass parameters of the ten flavors are related to the heights of the flavor D5-branes measured from the vertical position of the O7 − -plane. We use the convention that the mass parameters associated to the heights for the flavor D5-branes on the righthand side have extra minus signs compared to the mass parameters associated to the heights for the flavor D5-branes on the lefthand side. Therefore, we parameterize y i = e −m i (i = 1, · · · , 5) for the vertical positions of the flavor D5-branes on the left whereas we parameterize y The definition is motivated from the fact that the Higgsing from the 5d Sp(2) gauge theory with 10 flavors and the zero discrete theta angle 7 to the 5d Sp(1) gauge theory with 6 The lowest color D5-brane may be thought of as the one created after the resolution of the O7 − -plane.
Therefore, we identify the vertical positions of the top and the second top color D5-brane in Figure 7 as the two Coulomb branch moduli of the 5d Sp(2) gauge theory. 7 The discrete theta angle of the 5d Sp(N ) gauge theory is not a physical difference when the gauge theory has flavors [4] since it can be absorbed by a sign of a mass parameter. However, we keep using this terminology in this ten flavors case for indicating that two 5d Sp gauge theories with the same discrete theta angle have the same convention for the signs of the mass parameters.
"origin" for SU (3) "origin" for Sp(2) 
Let us finally see the relation between the instanton fugacity q of the 5d SU (3) gauge theory with 10 flavors and the instanton fugacity q of the 5d Sp(2) gauge theory with 10 flavors. The square of the instanton fugacity of q is related to the length between two lines extrapolated from the upper external 5-branes to the origin specified by the vertical position of the O7 − -plane. The schematic picture is depicted in Figure 8 . The geometry Figure 8 gives
Namely, the instanton fugacity of the 5d SU (3) gauge theory with 10 flavors is the same as the instanton fugacity of the 5d Sp(2) gauge theory with 10 flavors.
5d SU (3) gauge theory with 10 flavors
In this and the next sections, we explicitly compute the partition functions of the 5d theories. Here we first consider the 5d SU (3) theory with 10 flavors and compute the Nekrasov partition of the theory using the topological vertex formulation based on type IIB (p, q) 5-brane web diagram. As proposed in [10] , the type IIB brane web configuration of the 6d Sp(N −1) theory with N f = 2N +4 flavors and a tensor multiplet leads to a (p, q) 5-brane web diagram for the 5d SU (N ) theory with N f = 2N + 4 flavors which inherits an infinite spiral structure called Tao web diagram. For instance, a suitable movement of 7-branes in the (x 6 , x 5 )-plane or the (p, q)-plane [9, 10] converts a naive brane configuration for such 5d theories given in 9(a) into a Tao web diagrams shown in Figure 9 (b). When the web diagram is reinterpreted [26] as a "toric-like" diagram [7, 27] , the distances between the branes are converted into the Kähler parameters of the corresponding 2-cycles in the Calabi-Yau geometry. Especially, the period of such spiral rotation in the Tao web diagram is expressed in terms of the Kähler parameters which is precisely the instanton factor q (2.24) obtained from the brane configuration in the previous section
where ∆ (n) are Kähler parameters associated with the distance between each arm given in Figure 9 , and the precise assignment is discussed in detail in Appendix A.1. We note that this is a strong evidence that the Tao brane configuration captures the KK spectrum arising from a circle compactification of the 6d theory. We will show also that this is indeed true from the comparison of the two partition functions. Namely, the partition function of the 5d SU (3) gauge theory with 10 flavors, obtained based on this type IIB brane configuration, coincides with the 6d BPS partition function from the elliptic genus computation of the 6d Sp(1) theory with 10 flavors and a tensor multiplet.
The partition function
The 5d SU (3) Tao diagram is a simple generalization of that of the 5d SU (2) theory with 8 flavors [9] . The partition function computation of the 5d SU (3) gauge theory with 10 flavors is also similar to that of the 5d SU (2) gauge theory [9] . For simplicity, as done in [9] , we restrict ourselves to the self-dual Ω-background, 1 = − 2 = . So we use the unrefined topological vertex formulation. A Tao web diagram is a complicated spiral web diagram which contains infinitely many 5-branes jumping over other 5-branes extended to infinity (external 5-branes) in the (p, q)-plane. The computational method for the web diagram including 5-branes jumping over other 5-branes are developed in [9, [28] [29] [30] [31] . For the unrefined case, such external 5-branes are associated with empty Young diagrams. In the computation, we cut the Tao web diagram into some sub-diagrams relevant to an expansion of the instanton factor q of interest. The sub-diagram is a finite diagram where the external 5-branes are assigned to empty Young diagrams. The partition function is then expressed in terms of an instanton expansion
where Z k is the partition function associated with k instantons, whose argument includes the SU (3) Coulomb branch moduli A i subject to A 1 A 2 A 3 = 1, and the mass parameters of 10 fundamental flavors y i for i = 1, · · · , 10. We note while the 6d elliptic genus result is computed up to 2-strings but all orders in the instanton factors, the 5d k-instanton partition function Z k contains all order contributions of a Coulomb branch modulus parameter which is the number of strings in the 6d elliptic genus computation. To compare these two, we double expand the partition functions in terms of the instanton factor as well as the Coulomb branch modulus parameter (or the string number). Here we compute the 5d partition function up to two instantons, Z 2 , and also expand it in terms of A 1 up to the second power. Hence we need to consider a sub-diagram of Tao web diagram which has one revolution as shown in Figure 10 . Figure 10 . A sub Tao diagram for 5d SU (3) theory with 10 flavors relevant for the computation of the partition function up to 2 instantons. Among arms in the left, arms in red are referred to as long arms while arm in blue is referred to as short arm. The part in the middle drawn below in green is referred to the middle strip. We call the colored strips "half 1" sub diagram, and uncolored pairs "half 2".
Middle strip

Enlargement of the center
Q8
It is also convenient to cut this sub Tao web diagram by half and compute only the half as the other half readily follows from the symmetry of the web diagram. We then glue each half to make the whole diagram. See Figure 11 . The 5d partition function then takes the following form,
where Z glue is the contribution appearing when we glue some contributions with the Kähler parameter Q with Young diagram Y associated:
The amplitudes for the two sub half diagrams, Z half1 (y i , ; A j ) and Z half2 (y i , ; A j ), are related by
Therefore, it is enough to compute only one of them, say Z half 1 . This half amplitude consists of a strip at the middle (the middle strip) and four spiral "arms" (three long arms and one short arm), and it is given by, in terms of Kähler parameters and Young diagrams assigned in Figure 10 , 
where X i and Y i are again the Young diagrams, and following same convention as in [33] ,
with
where PE is the Plethystic exponential defined as 11) and
The amplitude for the each "arm" is also computed by further decomposing into short strips depicted in Figure 12 . The amplitude for each strip is given by
The amplitudes for three long arms then have the following form: 14) where σ k are the Young diagrams associated with Q 3k−2 and σ 1 is the initial Young diagram µ for each long arm. The amplitude for the short arm is given by
3k , σ k , σ on the SU (3) Tao diagram, order by order in the instanton expansion up to 2 instanton. For that, we use the following conventions: We define the "U (10)" characters with the normalization factor χ 0 as
where
We also introduce an "SU (3) invariant combination" 18) subject to the SU (3) condition A 1 A 2 A 3 = 1. In the computation, there are terms which do not explicitly depend on the Coulomb branch moduli, and by modding out such terms one reproduces the correct partition function. We call such terms the extra factors denoted by E n (y) with n being the instanton power. Analogous claim on this extra factor is discussed in various literature including [9, 22, 28, [33] [34] [35] in various context.
Perturbative part:
The perturbative contribution takes the following form 19) where the extra factor is
The physical part is given by
If we introduce a regularization corresponding to the flop transition [32, 36, 37] for a certain part of web diagram,
we obtain the perturbative contribution
which is analogous to the known result for N f ≤ 2N [40] . However, for later purpose, it is convenient to transform in such a way that negative powers of A 1 never appear when we eliminate A 3 by the traceless condition. By further using (3.22), we obtain
where we note that A 3 −1 = A 1 A 2 can be also understood as the positive power of A 1 . We note that the computation is reliable up to O (y 
One instanton part:
The one instanton contribution takes the form 25) where the extra factor is given by The physical one instanton part is given in the following form.
Here, we write our result in a way to compare with the "naive" U (N ) Nekrasov partition function
which is obtained by formally substituting N f = 2N + 4 to the known formula, which is actually valid for N f ≤ 2N . Here "(cyclic)" means two more terms that are obtained by taking a cyclic permutation of A i on the first term. Comparing our result with this, we find that this naive formula is not valid any more for N f = 2N + 4 but we need a following additional contribution
Two instanton part: The two instanton contribution takes the form 30) where the extra factor is given by
+ (y 5 + y 6 + y 7 + y 8 + y 9 + y 10 )(y 6 −1 + y 7 −1 + y 8 −1 + y 9 −1 ) .
(3.31)
Again, we write our two instanton result as
where Z naive 2 is the 2-instanton part of the naive U (N ) Nekrasov partition function
The second and the third term in (3.32) is given in (3.28). They appear since we write the Nekrasov partition function in a Plethystic exponential form.
Comparing our result with these, we find additional contribution,
and C 00 = 2(P 1 4 − 3P 1 2 P −1 + P −1 2 + 2P 1 ),
Also,
After removing the extra factors, we have the partition function of the 5d SU (3) theory with 10 flavors, expressed in a Plethystic exponential form,
where F 0 , F 1 , and F 2 are given in (3.24), (3.27) , and (3.32) respectively.
Comparison with the elliptic genus of the 6d Sp(1) gauge theory
We will here confirm the obtained partition function of the 5d SU (3) gauge theory with 10 flavors as well as the 5d SU (3)-6d Sp(1) maps by explicitly comparing it with the elliptic genus of the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet. We will see that the two results precisely agree, implying that the 5d SU (3) theory with N f = 10 hypermultiplets captures the same BPS spectrum as the 6d Sp(1) gauge theory with N f = 10 hypermultiplets and a tensor multiplet. The elliptic genus for the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet is given for one and two strings as 8 [21, 23] 
where S = {(2, 2, 1), (3, 3, 1), (4, 4, 1), (2, 3, 4), (3, 4, 2), (4, 2, 3)} and σ 1 = −1, σ 2 = σ 3 = σ 4 = 1. On top of that, there is an overall contribution to the partition function, existing even with no self-dual stringZ (0) = PE[F (0) ] with
as we explain in Appendix B. Here, we omitted the term which does not depend on the Coulomb branch moduli parameterÃ, which corresponds to the procedure of removing "extra factor" E i on the 5d gauge theory side. Writing the 6d Sp(1) elliptic genus in a Pelthystic exponential form, we obtaiñ
In the following, we compare the 5d SU (3) Nekrasov partition function (3.38), which we obtained based on the Tao web diagram, with the 6d Sp(1) elliptic genus (3.42). As discussed in section 2, the parameters between the 6d Sp(1) gauge theory and the 5d SU (3) gauge theory are related in a non-trivial manner. The map between the parameters used for the 6d Sp(1) elliptic genus and the parameters used for the 5d Sp(2) Nekrasov partition function is given in (2.10), (2.11) and (2.12). Also, the relation among the parameters for the 5d Sp(2) gauge theory and the 5d SU (3) gauge theory is given in (2.26), (2.27), (2.29) and (2.29). Combining these two, we find the map between the 6d Sp(1) gauge theory and the 5d SU (3) gauge theory as
Substituting this map into the 6d elliptic genus, we find the 6d partition function, which was originally given as an expansion in terms of the tensor branch moduli parameter φ, is now given as an expansion in terms of the 5d Coulomb branch modulus parameter A 1
Note that A 1 dependence appears only from φ and thus,F (k) does not depend on A 1 after substituting the map. Therefore, the k-string elliptic genus simply gives the coefficient of . Also, note that each coefficient is exact in terms of q.
Instead, the 5d Nekrasov partition function is given by an expansion in terms of the instanton factor q. Each instanton contribution is exact in terms of A 1 . In order to compare these two with each other, we consider the double expansion in terms of A 1 and q. For the elliptic genus, we further expand eachF (k) in terms of q   q 2 y 10 10
so that we obtain the double expansioñ
as a total. For the Nekrasov partition function, we expand each instanton contribution in terms of A 1 so that we obtain the double expansion
Then, we compare the coefficients of these double expansion up to 2 instantons and 2 strings. Note that we eliminate the Coulomb branch modulus parameter A 3 by using the traceless condition. By this procedure, we found the perfect agreement C (k) =C (k) with k = 1, 2 and = 1, 2 without any ambiguity. We also checked that the 1 and 2 instanton contributions of the Nekrasov partition function do not produce any negative power of A 1 . Analogously, the 1 and 2 string contributions of the elliptic genus do not produce any negative power of q.
The coefficients for q 0 and A 0 1 are confirmed up to the transition (3.22). The perturbative part of the Nekrasov partition function can be written in various ways up to this transition. However, in order for this comparison to work, we need to use (3.24), which does not have any negative power of A 1 , instead of using the original form (3.21) obtained from the Tao diagram computation or the well known form (3.23). Analogously, instead of (3.41), we need to use its "flopped" versioñ
which is again related to the original expression (3.41) by the transition (3.22) Under these choices, we also found the preceise agreement between the coefficients C (k)0 =C (k)0 for k = 0, 1, 2 and C (0) =C (0) for = 0, 1, 2.
5d Sp(2) gauge theory with 10 flavors
In this section, we devote ourselves to 5d Sp(2) theory with N f = 10 flavors and its partition function from the point of view of the field theory rather than the brane setup. The Nekrasov instanton partition function of a Sp(N −1) gauge theory was originally computed in [38, 39] through the localization method. Especially, the 5d Sp(N −1) instanton partition functions including the O( ) − contribution were studied in [22, 40] where denotes the instanton number. In [18] , the dual relation between the 5d Sp(N − 1) theory with flavors and the 5d SU (N ) theory with the same number of fundamental hypermultiplets and a particular Chern-Simons level was analyzed from the view point of the hemisphere index. The explicit form of the partition function was computed up to N f ≤ 8 flavors when N = 3. However, it has not been completely understood how to calculate the partition function for the N f ≥ 8 case due to technical difficulties associated with higher degree poles of O( ) holonomy integrals when the instanton number satisfies ≥ 2. The one-instanton partition function, on the other hand, does not require any holonomy integral and thus the result is exact. Since the elliptic genus of the 6d Sp(1) theory with 10 flavors has the identical UV fixed point with the 5d Sp(2) theory with 10 flavors, the partition function of the 5d Sp(2) theory with 10 flavors should be the same as the result of the elliptic genus computation. We first compare the partition function up to the one-instanton order with the elliptic genus. We will then see the perfect agreement, which supports the equivalence property. Moreover, we also study the two-instanton partition function of Sp (2) gauge theory and will discuss the correction form in comparison with the elliptic genus.
The partition function up to one-instanton
To compute the partition function for the 5d Sp(2) gauge theory with 10 fundamental flavors, we closely follow [22, 40] where a great detail is provided for the computation of the partition function of the 5d Sp(N ) gauge theory with hypermultiplets in the fundamental representation as well as hypermultiplets in the antisymmetric representation. We here simply state the result of the computation.
The computation for the partition function for 5d Sp(2) gauge theory with 10 fundamental flavors is straightforward up to one-instanton, as there is no O( ) holonomy integral for = 1. The partition function takes the following form
where we keep using the notation for the -instanton partition function as Z for the 5d Sp(2) gauge theory with 10 flavors. This can also be written as a Plethystic exponential form
We note that the Sp(2) partition function up to one-instanton is exact in A 1 and A 2 , while the 6d elliptic genus is exact in q as it is expressed in terms of an expansion of the string number. As done in previous section, we compare the 5d partition function with the 6d elliptic genus by doubly expanding them in the instanton fugacity q and the Coulomb modulus A 1 (or the KK momentum and the string number in terms of the 6d language). Here we expand each partition function to the quadratic order in the Coulomb branch modulus and also to the linear order in the instanton fugacity.
The result of the 6d elliptic genus is given in section 3.2. The one-string result is (3.39) and the two-string result is (3.40) . We now implement the proposed map between the 6d Sp(1) gauge theory and the 5d Sp(2) gauge theory in section 2.1, especially the relations(2.10) and (2.11). Under the map, the 6d elliptic genus becomes
whereF (0) is given by (3.49) andF (1) andF (2) are given by (3.43). This mapped elliptic genus is reorganized as a double expansion by the 5d Coulomb branch modulus A 1 and also the 5d instanton fugacity q ,
Up to one-instanton and quadratic orders in A 1 , we found that the 6d elliptic genus expressed in terms of the 5d variables under the proposed map precisely coincides with the 5d one-instanton partition function. Namely we found
for 0 ≤ ≤ 1 and 0 ≤ k ≤ 2, where we also expanded the 5d partition function in terms of
Note that the equality (4.8) in the case for k = 0 and also for = 0 is satisfied only when we use (3.49) and (4.3) instead of any other choices related via (3.22) . This shows that the partition function of the 5d Sp(2) gauge theory with 10 flavors is equal to the elliptic genus of the 6d Sp(1) gauge theory with 10 flavors up to the oneinstanton order and also to the two-string order. This also implies that the proposed map in section 2.1 is indeed the correct mapping between the two theories.
Comparison between 5d Sp(2) gauge theory and 5d SU (3) gauge theory. We note here that in the previous section, the equivalence check between the partition functions of the Sp(2) gauge theory and the 5d SU (3) gauge theory was done by the two successive maps: one is the map between the 6d Sp(1) gauge theory and the 5d Sp(2) gauge theory, which we just checked, and the other is the map between the 5d Sp(2) gauge theory and the 5d SU (3) gauge theory, which is based on the type IIB brane configurations. The two separate non-trivial checks here and in the previous section hence ensures that the duality relation between the 5d Sp(2) gauge theory and the 5d SU (3) gauge theory is also correct.
Yet, we also consider a direct comparison between the two 5d theories. In other words, one can, in principle, obtain the partition function of the 5d Sp(2) gauge theory with 10 flavors from the partition function of the 5d SU (3) gauge theory with 10 flavors calculated by the Tao diagram, via our proposed map between the two type IIB (p, q) 5-brane configurations in section 2. More precisely, the map between the two 5d theories is given in (2.26), (2.27), (2.28) and also (2.29). As the map involves a mixing of the instanton factor, obtaining the instanton partition function for one theory from the other is quite non-trivial. A straightforward application of the map, for example, to the one-instanton partition function gives rise to terms containing the instanton factor q in the denominator, which can be reorganized as an infinite sum of the instanton factor. In order to obtain the -instanton partition function of the 5d Sp(2) gauge theory from the the instanton partition function of the 5d SU (3) gauge theory, we might need all orders of the instanton partition function of the 5d SU (3) gauge theory.
The perturbative part of each, on the other hand, is quite special as can be seen from (3.24) and (4.3). The application of the map gives terms up to the one-instanton factor (up to flop transitions). This implies that the perturbative part of each can be obtained from the perturbative and one-instanton part of the other theory. We indeed checked that, for instance, the perturbative part of the Sp(2) partition function can be obtained from the perturbative and one-instanton part of the SU (3) partition function, and vice versa.
Two-instanton partition function
The two-instanton partition function of the 5d Sp(2) gauge theory with 10 flavors should be treated with some caution, as the contour integral for the case of the N f = 10 flavors has a triple pole at the infinity in the O(2) holonomy integrals. A naive prescription of such a higher degree pole does not give any new contribution at least for the unrefined case. Moreover, the two-instanton partition function with 10 flavors itself has terms of negative powers of the fugacities of the Coulomb branch moduli, which implies the partition function is not well defined in a regime of very small Coulomb branch moduli. It is also problematic when we compare the 5d partition function with the 6d elliptic genus which is an expansion of string number fugacity φ, which is related to the 5d Coulomb branch modulus A 1 . Therefore, in this subsection, rather than checking the agreement of the BPS partition function, we apply the equivalence conjecture to speculate the correct 2-instanton formula.
More specifically, let us first consider the naive application of the localization for the 5d Sp(2) gauge theory with 10 flavors at the 2-instanton level. The contribution of the naive O(2) holonomy integrals for the Sp(2) two-instanton partition function with 10 flavors can be summarized as follows 9 :
It can be easily checked that X 3 has negative powers of a Coulomb branch modulus A 1 :
Likewise, X 4 also contains negative powers of A 2 , since X 4 is obtained from X 3 by replacing A 1 with A 2 . As X 3 and X 4 have the negative powers of the Coulomb branch moduli, Z naive 2 cannot be the correct partition function for the 5d SU (3) gauge theory with 10 flavors.
In the previous section, we discussed that the correct partition function can be split into "naive" and "additional" terms. We now consider possible additional terms which may reproduce the correct Nekrasov partition function of the 2-instanton part of the 5d Sp(2) gauge theory with 10 flavors. It is clear that the correct partition function should not have negative powers in Coulomb branch moduli. We thus first need to eliminate such terms of the negative powers. Given the naive result (4.10), we remove the terms proportional to the negative powers of the Coulomb branch moduli, for instance, the first two terms in (4.12) and similar negative-power terms for A 2 as well, which makes the remaining terms are of positive powers in the Coulomb branch moduli. We then subtract the remaining terms from the 6d elliptic genus result, which should yield the additional terms.
To make this procedure more concrete, it is convenient to use the naive Nekrasov partition function in a Plethystic exponential form. The term associated with the twoinstanton in the Plethystic exponential is given by
As O(k) has two components O(k)+ and O(k)−, the partition function is the sum of the two contributions, (Z+ + Z−)/2, where Z+ has poles in the holonomy integral while Z− = X5 does not involve any contour integral. Here we will denote X1, X2 by the contributions from the poles associated with g of positive and negative coefficients of g respectively; X3, X4 are the contributions from the poles associated with A 1 and A 2 respectively.
By subtracting it from the elliptic genus result (3.42) taking into account the map between the 6d Sp(1) gauge theory and the 5d Sp(2) gauge theory, we can get the "additional" terms. In other words, the correct Plethystic exponential form at the 2-instanton order may be reproduced by adding the "additional" terms as in 15) where χ 4 is the fundamental character of the Sp(2) gauge group,
We observe that the second terms of (4.15) (the additional term) is nothing but the simplest Weyl invariant combination which can be made out of the terms of the negative powers in (4.14) (which of course do not introduce further negative powers). We here test our observation against the 2-instanton partition function of the 5d Sp(1) theory with 8 flavors where the correct partition function is computed by the introduction of an antisymmetric hypermultiplet [22] . Our test was done as follows: we first assume that there is no antisymmetric tensor field and compute the naive Nekrasov partition function at the 2-instanton order, which again contains negative powers of the Coulomb branch modulus A of the 5d Sp(1) gauge theory. Based on the terms of the negative powers of A , we make simple Weyl invariant combinations, namely A + A −1 and A 2 + A −2 with some functions as their coefficients, and subtract them from the naive Nekrasov partition function so that they cancel the negative powers. We then compare our proposal for the correct partition function of the 5d Sp(1) gauge theory with the partition function calculated with the contribution of the antisymmetric hypermultiplet after removing extra factors. Interestingly, we found that the two results indeed agree with each other. We also found that the obtained additional terms agrees with the Higgsed version of (4.15) up to extra factors which do not depend on the Coulomb branch modulus.
Note also that, for the case of the 5d Sp(2) gauge theory, the result is valid up to the quadratic order in the Coulomb branch moduli, as the 6d elliptic genus is known up to that order. For the case of the 5d Sp(1) gauge theory, on the other hand, the correct two-instanton partition function is known at all orders of the Coulomb branch modulus. We in fact found that our additional term which is a finite polynomial in A for the Sp(1) case is exact. As the additional term of the 5d Sp(1) gauge theory can be obtained by the Higgsing procedure on the 5d Sp(2) gauge theory, it is very likely that the additional term for the Sp(2) gauge theory is also exact in A i , implying that the correct two-instanton partition function given in (4.15) would be exact. This also, in turn, implies that the correct two-instanton partition function for 5d Sp(N − 1) theory with N f = 2N + 4 flavors is expected to have the same structure as (4.15) , up to an extra factor,
where χ 2N−2 is the character of the (2N − 2)-dimensional representation of the Sp(N − 1) gauge group.
Conclusion and discussion
In this paper, we checked that the three BPS partition functions
• the elliptic genus of the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet,
• the Nekrasov partition function of the 5d Sp(2) gauge theory with 10 flavors,
• the Nekrasov partition function of the 5d SU (3) gauge theory with 10 flavors are equivalent to one another to some orders in the expansion parameters under suitable parameter maps. This result strongly supports the original claim that the three theories have an identical UV fixed point. These theories are in an equivalence class. Among the three BPS partition functions, only the elliptic genus had been previously computed in [23] . For 5d SU (3) and Sp(2) theories, the localization method by using the conventional ADHM quantum mechanics is not simply applicable when the flavors are too many. For example, the perturbative part for the 5d SU (3) gauge theory with 10 flavors, and the perturbative and one-instanton parts for the 5d Sp(2) gauge theory with 10 flavors are the only contributions which one can compute from the conventional formula of the Nekrasov partition function without any difficulty.
We circumvent the difficulty by using the topological vertex formalism and applying it to the type IIB (p, q) 5-brane web configuration called Tao diagram. Indeed, we have successfully computed the Nekrasov partition function of the 5d SU (3) gauge theory with 10 flavors for the first time. Moreover, we were also able to derive the maps among the three theories by using the 5-brane webs as well as an argument of a Higgsing.
Using the results, we compared the partition functions by the double expansion in terms of the instanton factor q and one of the Coulomb branch moduli A 1 , which corresponds to the string number fugacity in 6d. Remarkably, the Nekrasov partition function of the 5d SU (3) gauge theory with 10 flavors precisely agrees with the elliptic genus of the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet up to the 2-instanton order, q 2 , and the 2 self-dual strings order, A 1 2 . Similarly we also checked that the elliptic genus of the 6d Sp(1) gauge theory with 10 flavors and a tensor multiplet is equal to the 5d Sp(2) gauge theory with 10 flavors up to the 1-instanton order, q, and the 2 self-dual strings order, A 1 2 . The exact agreement gives a very non-trivial evidence for the equivalence conjecture.
As mentioned above, computing the Nekrasov partition function of the 5d Sp(2) gauge theory with 10 flavors for more than 1-instanton has some difficulty. We also guessed the 2-instanton part by assuming the equivalence. We observed that the 2-instanton part of the correct Nekrasov partition function obtained from the elliptic genus may be reproduced by looking into the coefficients of A of the naive Nekrasov partition function at least until the order of A 2 1 . Namely, if we add the simplest Weyl invariant terms so that they cancel the terms with the negative powers of A 1 , the modification precisely reproduces 2-instanton part of the correct Nekrasov partition function of the 5d Sp(2) gauge theory with 10 flavors until the A 2 1 order. In fact, the same method turns out to be applicable to the 2-instanton part of the 5d Sp(1) gauge theory with 8 flavors. Although the 2-instanton part of the correct Nekrasov partition function was calculated by including the contribution of the one hypermultiplet in the antisymmetric representation in [22] , we found that it is possible to reproduce it by the 2-instanton part of the Nekrasov partition function without the contribution of the antisymmetric hypermultiplet by adding the simplest Weyl invariant terms which cancel the contributions with negative powers of the Coulomb branch modulus of the Sp(1) gauge theory.
Although we have reproduced the 2-instanton result of the Nekrasov partition function of the 5d Sp(2) gauge theory with 10 flavors up to the order A 2 1 by adding the simplest Weyl invariant terms which cancel negative powers of A 1 from the naive Nekrasov partition function, it is not totally clear whether the same method is applied to a higher instanton order. We may need a more complicated Weyl invariant combination to cancel negative powers of a Coulomb branch modulus. Therefore, it is important to establish a more essential way to reproduce the Nekrasov partition function of the 5d Sp(2) gauge theory with 10 flavors from the localization procedure by using possibly a modified ADHM quantum mechanics in a similar manner to the method in [18] .
So far, we have focused on the case of N = 3 for the equivalence among the 6d Sp(N − 2) gauge theory with 2N + 4 flavors and one tensor multiplet, the 5d Sp(N − 1) gauge theory with 2N + 4 flavors and the 5d SU (N ) gauge theory with 2N + 4 flavors. It would be interesting to further generalize our result to a different N . In particular, it is straightforward to generalize the topological vertex computation for the Tao diagram of the 5d SU (N ) gauge theory with 2N + 4 flavors for higher N , and the calculation will also lead to new results on the Nekrasov partition function for 5d SU (N ) theory with N f = 2N + 4 flavors.
Another example would be 6d SU (N − 1) theory with N f = N + 7 flavors and N a = 1 hypermultiplet in the antisymmetric representation, and one tensor multiplet. The 5d versions of the 6d SU (N −1) theory are (i) 5d SU (N ) gauge theory with N f = N +6, N a = 1 hypermultiplets, and (ii) 5d quiver theory [3n+4
Both have a clear IIB brane picture, which can be seen by either resolving only one O7 − -plane or both O7 − -planes. Due to the duality, these 5d theories should also have the same 6d UV fixed point and hence their Nekrasov partition functions should agree with each other. Here, with different choice of n, (ii) gives a collection of 5d quiver theories of different gauge group ranks and flavor symmetries, related by "distribution duality" [19] . Especially, when N = 3 and n = 1, the resultant 6d/5d theories are also equivalent to what we discussed in this paper. Moreover, 5d [4] − SU (2) − SU (2) − [4] quiver theory, which is the S-dual version of 5d SU (3) theory with 10 flavors, may provide another approach for computing the Nekrasov instanton partition for the 5d SU (3) theory.
Furthermore, there are more equivalence classes found in [19, 41] . An interesting equivalence class is a combination of different choice of resolution of O7 − -planes accompanied by SL(2, Z) transformation. For instance, a 6d linear quiver theory [ . When n = 1, it becomes the equivalent class that we considered in the paper. It would be interesting to generalize and explore other possible equivalence classes.
Although the topological vertex computation may be possible when the 5-brane web does not include O-planes, there is still a large class of Tao diagrams from which we can compute the Nekrasov partition function of various 5d theories. Some maps among the theories in an equivalence class will be also determined from a 5-brane web.
A3 y4 y4 y5 Figure 13 . We see that the distance of the blue part and red part contribute to the Kähler parameterQ 3 .
the Tao diagram by following the process to obtain Figure 9 (Right) from Figure 9 (Left).
= q y 4 y 5 y 1 y 2 y 3 y 6 y 7 y 8 y 9 y 10 ,
For example, we see thatQ 3 is obtained as in Figure 13 . Together with (2.24), we also obtain It is convenient to define the distance ∆ (i) between i-th arm and i + 1-th arm
= q y 4 y 6 y 1 y 2 y 3 y 5 y 7 y 8 y 9 y 10 ,
The product of the ∆ (i) defines the period and in fact the period precisely gives rise to the instanton fugacity for the 5d SU (3) gauge theory,
Apart from the limited number of Kähler parameter with small j, we have
where we identify Q 
which is obvious from the symmetry of the Tao diagram. Therefore it is possible to compute the Kähler parameter Q (i) j with large j in a recursive way. The Kähler parameters with small j, which is necessary to determine all the other by the recursion relation above, are given by
The explicit expressions of all the Kähler parameters for the arms are as follows, 
1 = y 9 A 1 , Q
2 = y 10 y 8 , Q
3 = q y 1 y 2 y 3 y 4 y 5 y 6 y 7 y 9 y 8 y 10 , Q
4 = q y 5 y 6 y 7 y 9 y 10 y 1 y 2 y 3 y 4 y 8 , Q
5 = q y 1 y 2 y 3 y 4 y 6 y 7 y 9 y 10 y 5 y 8 , Q
6 = q 2 y 5 y 8 , Q
7 = q 2 y 6 y 7 y 9 , Q 
7 = q 2 y 6 y 7 y 8 , Q (A.9)
These are all the Kähler parameters which are necessary to compute the 2-instanton contribution. We also note that the other Kähler parameters Q 
A.2 Comments on Young diagram sums
Here, we discuss some computational detail of the topological string amplitudes of the Tao diagram. In the computation of the 5d SU (3) Nekrasov partition function, summation over Young diagrams appears in (3.3), (3.7), (3.14) and (3.15) . These sums run for all the possible Young diagrams. However, when we compute up to finite order of instanton, the Young diagram sums in (3.3), (3.14) and (3.15) are truncated at finite number of boxes due to the factor of the form Q |σ| in (3.4) , where σ is the Young diagram and Q is the Kähler parameter which includes the positive power of the instanton factor. Especially, when the Kähler parameter includes instanton factor of large enough power, only the empty Young diagram contribute, leading to trivial contribution. Thus, we need to consider only finite part of the Tao diagram around the center.
However, there is a difficulty in the Young diagram sum appearing in (3.7) since the Kähler parameters Q (1) i (i = 1, 2, 3) does not depend on the instanton factor. Therefore, in principle, we need to sum over all the Young diagrams up to the ones with infinitely many boxes, which is difficult in the current computation technique.
In order to deal with this problem, we first note that the Kähler parameters Q
i (i = 1, 2, 3) all include y 4 −1 . Moreover, if we rescale the instanton factor as q = py 4 −1/2 y 9 1/2 , we find that a positive power of y 4 does not appear in any Kähler parameters. Therefore, if we would like to compute the partition function up to the order of (y 4 −1 ) n , it is enough to sum over Young diagrams associated to Q (1) i at most n boxes in total. Next, we observe the following pattern. When we divide the partition function by the factor PE[F 0 ] with (3.21), and expand the the coefficient of p k with fixed k in terms of y 4 −1 , the expansion stops at the order of (y 4 −1 ) k . That is, higher order terms of y 4 −1 all vanish. We checked this property to the order (y 4 −1 ) 4 for p 0 , and to the order (y 4 −1 ) 3 for q 1 and for q 2 . In other words, our computation is reliable up to the terms +O((y 4 −1 ) 5 ) for p 0 , and +O((y 4 −1 ) 4 for q 1 and for q 2 . Going back to the original parametrization of the instanton factor, +O((y 4 −1 ) 5 ) for q 0 , +O((y 4 −1 ) 7 2 ) for q 1 and +O((y 4 −1 ) 3 ) for q 2 as written in (3.19) , (3.25) and (3.30) . The situation is parallel for y 9 .
Therefore, although we computed up to these orders, we expect that these higher order terms actually all vanish.
B Zero string contribution of 6d BPS partition function
The BPS partition function for 6d N = (1, 0) Sp(1) gauge theory with 10 flavors has a non-trivial overall factor from "zero-string" contribution, which exists even when the selfdual string does not exist. The zero-string contribution comes from all the multiplets, the tensor multiplet, the vector multiplet and the hypermultiplet. where t = e − + , u = e − − with ± = ( 1 ± 2 )/2. We should collect the contribution from all the Kaluza-Klein mode, which is expected to generate the factor In addition to that, there are also terms which do not depend onq [42] . The zero-string contribution of 6d BPS partition function is then given bỹ
By dropping the contribution independent ofÃ (for instance, the tensor contribution, I tensor ) and by reducing to the unrefined case by setting t = 1 and u = g, we obtain (3.41). We see that the term involving the factor where the terms in PE cancel to each other when we apply (3.22) .
